キカガクテキ カンスウロン ト カクサン カテイ ガ カンレン スル ワダイ カラ フクソ ヨウソウ コウゾウ オ チュウシン ニ カクリツロン シポジウム by 厚地, 淳
Title幾何学的関数論と拡散過程が関連する話題から : 複素葉層構造を中心に (確率論シンポジウム)
Author(s)厚地, 淳












2. foliated manifolds, laminations.
3. harmonic measures and diffusions on foliated manifolds.






Definition $1M$ $X_{t}$ $M$ $\forall U\subset M$ ($U$ :open), $\forall f\in$
$\mathcal{O}(U)$ $X$ $U$ Ref $(X_{t})$ $X$
$M$ (holomorphic diffusion)
[ ].
$L$ Hermite $g=g_{\alpha\overline{\beta}}$ Hermite $\omega=$
$\frac{i}{2}g_{\alpha\overline{\beta}}dz_{\alpha}\wedge d\overline{z}_{\beta}$ dimc $L=l$ $g$ (complex
Laplacian)
$L;=2g^{\alpha\overline{\beta}}\frac{\partial^{2}}{\partial z_{\alpha}\overline{\partial}z_{\beta}}$
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$(X_{t}, P_{x})$ $(X_{t}, P_{x})$ $L$
Remark. $(X_{t}, P_{x})$
$g$ K\"ahler(i.e. $\omega$ :closed) $\Leftrightarrow$ $\square _{L}=\frac{1}{2}\triangle_{L}.$
$\Delta_{L}$ $L$ $L$ K\"ahler
$\frac{1}{2}\Delta_{L}$ $L$




where $\theta$ :a closed current of bidegree $(l-1, l-1)$ (of dimension (1,1)). -
$\bullet$ construction, pluripotential theory, plurisubharmonic functions ( - [20],[21])
$\bullet$ Liouville property for bounded plurisubharmonic functions (H.Kaneko [30])
$\bullet$ Domain of holomorphy and conservativeness $(S.Taniguchi[35],[36])$ $arrow$ Stein
$.$ Monge-Ampere equations $(B.Gaveau[23], H.Kaneko[29])$ $arrow$
(Calabi’s problem, Ricci flow,etc.[26])
Monge-Ampere
[26]
2 foliated manifolds, laminations
foliated manifold $(M, \mathcal{L})$
5 $M$ ambient space $\mathcal{L}$ (leaf)
$M$
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Definition 3 (non-singular foliation)
$(M, \mathcal{L})$ $C^{r}$ ($C^{r}$ -foliated manifold) $def^{M}$ $l+m-dim$
: $\exists\{U_{i}, \phi_{i}\}s.t\phi_{i}$ : $U_{i}arrow D_{i}\cross Z_{i}$ (homeo) $D_{i}\subset R^{l},$ $Z_{i}\subset$
$R^{m}$ , $U_{i}\cap U_{j}\neq\emptyset$ $\psi_{ij}:=\phi_{j}\circ\phi_{i}^{-1}.$ $\phi_{i}(U_{i}\cap U_{j})arrow\phi_{j}(U_{i}\cap U_{j})$
$\psi_{ij}(y, z)=(\alpha(y, z), \beta(z))$ $\alpha(y, z)$ $y$ $y$
$k$ $z$ $(0\leq k\leq r),$ $\beta(z)$
$\phi_{i}^{-1}(D_{i}\cross\{z\})(z\in Z_{i})$ plaque
$L$ (leaf) plaque
$\dim_{C}L=l.$ $Z$ $:= \bigcup_{i}Z_{i}$ a transversal manifold transversals
$D_{i}\subset C^{l},$ $\alpha(y, z):y$ $(M, \mathcal{L})$
(foliated manifold with complex foliation, or complex fohation)
$Z$ $\psi_{ij}(y, z)$ $(M, \mathcal{L})$ : (a
foliated manifold with holomorphic foliation, or holomorphic foliation)
complex foliation Levi
(Levi-flat surfaces, levi-flats) $N$ $M\subset N$
$M$ : a Levi-flat surfaces $\Leftrightarrow M$ devides $N$ to Stein domains. $\Leftrightarrow M$ is a complex foliation of
(real) codimension 1.
Levi-flats $N$ $N=P^{n}(C)(n\geq 3)$
Levi-flats (Siu[34] )
Lins Neto [31]. $n=2$
$P^{2}(C)$ complex foliation
(Minimal sets) $(M, \mathcal{L})$ (possibly singular) min-






3 harmonic measures and diffusions on foliated man-
ifolds
Lucy Garnett[22] harmonic measure
harmonic measure
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$\coprod_{L}$ \S 1 $\square u(x)$ $:=\square _{L}u(x)(x\in L)$
Definition $4m$ : -harmonic (probability) measure on $(M, \mathcal{L})$
$def\Leftrightarrow$
$\int_{M}$ $u(x)dm(x)=0$
for $\forall u$ : leafwise $C^{2}$fuction, and $m(M)=1.$
$\bullet$ $M$ :compact $\Rightarrow\exists m$ (Hahn-Banach th).
$\bullet$ K\"ahler $m$ : $M\supset$
$Uarrow D\cross Z,$ $x\mapsto(y, z)$ flow-box
$\exists h(y, z)$ : positive harmonic function in $y$ locally on each leaf s.t. for $\phi\in C_{0}(U)$
$\int_{U}\phi(x)dm(x)=\int_{D\cross Z}h(y, z)\phi(y, z)dv_{L_{x}}(y)d\nu(z)$
where $dv_{L_{x}}$ : Riemannian volume measure on $L_{x}$ ( $x$ leaf).
$M$ $(X_{t}, P_{x})$
harmonic measure $m$ $(X_{t}, P_{x})$
$D_{t}$
Theorem 5 1) $f\in L^{1}(m)$







3 $)$ $m:$ ergodic $\Rightarrow f^{*}(x)=\int_{M}f(x)dm(x)$ .
4 applications 1-nonsingular cases-
leafwise Brownian motion
. Liouville property(Kaimanovich[27], Fenley, Feres and Parwani[15], Feres and Zeghib[16]),
$\bullet$ Transversal invariance of harmonic measures(Deroin and Kleptsyn[ll], S.Matsumoto[32]),
$\bullet$ Unique ergodicity(Deroin and Kleptsyn[ll], Fomaes and Sibony[18]),. Ends of leaves (Ghys[24]),. Minimal sets and Levi-flat surfaces(Deroin and Dupont[12]).
Liouville property 2 Liouville
Kaimanovich covering manifolds
$M$
continuous leafwise harmonic function
(Fenley, Feres and Parwani)










$(M, \mathcal{L}, S)$ $S=\overline{M}\backslash M$
$(M, \mathcal{L}, S)$ $P^{n}(C)$ $L$ $P^{n}(C)$ 1
( )
Definition 6 $L$ $\mathbb{D}$ $L$
$C$ $L$
Remark.
$L\in \mathcal{L}$ $\phi_{a}$ : $\mathbb{D}arrow L_{a}$ $\phi_{a}(0)=a$
$X_{t}:=\phi_{a}(Z_{t})$ $(X_{t}\in A)=P(\phi_{a}(Z_{t})\in A)(A\in \mathcal{B}(M))$
$\mathbb{D}$ Poincar\’e $Z_{0}=0$
Proposition 7 $([2J,[3J)(X_{t}, P_{a})$ $M$ leafwise holomorphic diffusion
$T$ $(M, \mathcal{L}, S)$ harmonic current (cf. [18],[19]) $T$ bidegree(l,1)





$u=2i\partial\overline{\partial}u\wedge T/dm_{P}$ $(X_{t}, P_{a})$




$\circ$ leafwise meromorphic function Ghys, Berndtsson-Sibony([4])
leafwise meromorphic function
leafwise
holomorphic function (Liouville )[17]
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Definition 8 $f$ : $Marrow P^{1}(C)$ leafwise meromorphic function $f$
$f$ : $Larrow P^{1}(C)(\forall L\in \mathcal{L})$
$(M, \mathcal{L}, S)$ $P^{n}(C)$
$f$ $e(f)$
$e(f) := \frac{1}{2}\int_{M}||df||^{2}(x)dm_{P}(x) (\leq\infty)$
$m_{P}$ Poincar\’e Hermite
harmonic measure
Theorem $9f$ $(M, \mathcal{L}, S)$ leafwise memmorphic function $m_{P}$
$m_{P}(G)=1$ saturated set $G$
$\#(P^{1}(C)\backslash f(L))\leq 2+\frac{2}{e(f)}, \forall L\in G.$
Remark. l.Fornaes-Sibony $N=P^{2}(C),$ $S$ $\mathcal{L}$
$m_{P}$ ergodic ([18])
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